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We show that for a C*-dynamical system (A, G, N) with G discrete (abelian) 
the Connes spectrum r(a) is equal to e if and only if every nonzero closed 
ideal in G x a A has a nonzero intersection with A. Denote by G, the closed 
subgroup of G that leaves fixed the primitive ideal J of A. We show for a general 
group G that if all isotropy groups C;, are discrete, then G x a A is simple if 
and only if A is G-simple and r(a) = f?. This result is applicable not only when 
G is discrete but also when G = [w or G = T provided that A is not primitive. 
Specializing to single automorphisms (i.e., G : iz) we show that if (the trans- 
posed of) N acts freely on a dense set of points in a, then r(n) = T. The con- 
verse is only proved when A is of type I. 
I. INTRODUCTION 
This paper is a sequel of [lo] to which we refer the reader for definitions, 
motivation, and terminology. We obtained in [lo] a characterization of the 
elements in the Connes spectrum for a C*-dynamical system (A, G, a) (i.e., 
a continuous representation 01 of the locally compact abelian group G as 
automorphisms of the C*-algebra A) in terms of the dual action 12 of c on 
the crossed product G X, A. In this paper we show that if G is discrete, the 
elements in the Connes spectrum I’(a) are precisely those g in c such that 
each nonzero closed ideal in G x a i2 contains a nonzero ideal invariant under 8, . 
Thus, I’(a) = (? if and only if each nonzero closed ideal in G X, A contains 
a &invariant ideal; i.e., if it intersects A. In this way we link the Connes 
spectrum with a condition considered by O’Donovan in [8]. 
Using recent work of Gootlnan and Rosenberg [4] proving the Effros-Hahn 
conjecture we show for a separable system (A, G, a) that if each isotropy group 
G, (i.e., the group of elements in G leaving a primitive ideal J fixed) is discrete, 
then G X, A is simple if and only if iz is G-simple and I’(a) = e. Thus we 
extend our result [lo, 6.51 for G discrete to cover also the cases G = [w or 
G =- U (where every proper subgroup is discrete), provided we have the 
extra condition that A is either not primitive or is of type I. 
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If A is of type I and has a unit, we can extend [IO, 6.51 to arbitrary groups. 
Thus for algebras with unit we answer a question raised by Bratteli in [2]. 
Specializing in Section 4 to single automorphisms (i.e., taking G em Z) 
we show that if I’(a) # T (note that T = t), th en some power of a is universall! 
weakly inner on some nonzero ideal of A. In particular one of the sets 
{7r E A / a*+) =z 77f? I? :‘- 0, 
has a nonempty interior (here a: * denotes the transposed action of a as a homeo- 
morphism on the spectrum of A). Thus, if there is a dense set A in A  ^ on which 
01* acts freely (i.e., (0) is the only isotropy subgroup), then F(a) :~- 8. The 
converse of this result is proved only in the cast where il is of type I. I f  it 
were true in general it would imply that a universally weakly inner automorphism 
on a simple C*-algebra is inner (in M(A) if I $ A) a fact known in the anti- 
liminary case only for UHF algebras, cf. [6]. O’Donovan claims to have a proof 
in [8, 1.2.11 but apparently there is a gap in the argument, cf. Remark 4.8. 
2. CONNES SPECTRUM FOR DISCRETE GROUPS 
LEMMA 2.1. Let (A, G, a) be a CT-dynamical system and asswne that for 
each closed nonzero ideal I of A and each t in G we have I n c+(Z) + (0). There 
is then for each closed nonxero ideal J of A and each compact subset E qf G a ?lon- 
zero element x in J such that c+(x) E /for all t in E. 
Proof. Choose by spectral theory nonzero elements 31, c in j., such that 
y  =~= yz. There is then a neighborhood .Q of 0 in G such that ,I a,(z) - z I 
for all t in Q. Consequently 
a,(y) = a+(y)(l - a&z) $ z) i_ (cYf(Z) - ay 
>t ~0 
L “t(Y)Z f  (44 - 4” E 1. 
Tf=O 
Since E is compact, there is a finite set (tl ,..., t*,,f such that EC (J (52 ~-- t,,). 
We claim that there are elements a2 , a:, ,..., alll in .A such that .rr z= ,~~,(y) + 0 
and 
for 2 < n < m. Assume this has been proved for some n with I < n c; m 
(so for n :== I nothing has been proved). I f  x,,,~Lu~,,,(~) --= (01, then with 
s : t,i+, - t,, we have 
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But then the closed ideal I generated by x, is nonzero (since x, # 0) and 
Ias = {0}, contradicting our assumption. Thus we can find a,,, such that 
x n+1 = %%+Pc,,.,(Y) f  0. 
The claim can therefore be established by induction. 
Put x = x,, . For every t in E we have t + t, E Q for some n, from which 
. 
at(x) E J since it contains a factor LY~+~,(Y) in J. Assuming, as we may, that 
0 E E we have x E J and CQ(X) E J for all t in E. 
PROPOSITION 2.2. Let (A, G, a) be a C*-dynamical system and assume that 
for each closed nonzero ideal I of A and each t in G we have 1 n at(I) # (0). 
If ] is a closed nonzero ideal of A invariant under a subgroup G, of G such that 
G/Go is compact, then J contains a nonzero G-invariant ideal. 
Proof. Let 7~: G --f G/Go denote the quotient map. The images under ‘IT 
of a finite number of open, relatively compact sets in G must cover G/G,. 
Therefore, we can find a compact set E in G such that r(E) = G/Go . 
Choose by the preceding lemma a nonzero element x in J such that at(x) E J 
for all t in E. For every s in G there is a t in E such that s = t + s0 with s0 
in G, . Thus 
44 = %,c%W) E %&I) c 1, 
since J was Go-invariant. It follows that if I denotes the ideal generated by 
OIL, then I # {O}, IC J, and 1 is G-invariant. 
COROLLARY 2.3. Let (A, G, a) be a F-dynamical system and assume that 
A is G-simple and P(a) = G. If G = IR or G = T, then either G X, A is simple 
or else no nontrivial closed ideal of G X, A is invariant under any of the dual 
automorphisms 4, , u E G\(O). 
Proof. By [IO, 5.8, 6.11 G X, A is prime and G-simple. If  G X, A is not 
simple and &,(J) = J for some nontrivial closed ideal of G X, A, then J is 
invariant under the subgroup G, = Za of G. Since either G = R or G = Z, 
we see that e/Go is compact. Thus Proposition 2.2 applies to show that f  
contains a nonzero G-invariant ideal, in contradiction with G X, A being 
G-simple. 
PROPOSITION 2.4. Let (A, G, a) be a C*-dynamical system where G is discrete 
and denote by (G X, A, &, 4) its dual system. An element a in G belongs to the 
Connes spectrum P(ct) if and only if e ac h nonzero closed ideal of G X, A contains 
a nonzero ideal invariant under B, . 
Proof. By [lo, 5.41 we have, whether or not G is discrete, that 0 E II(LY) 
if and only if &,(I) n I # {0} for every nonzero closed ideal 1 of G X, ii. 
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The condition in Proposition 2.4 is, therefore, clearly sufficient to ensure 
that 0 E r(a). On the other hand, it follows from Proposition 2.2 (with T(a) 
and .[O) in place of G and G,,) that the condition is satisfied for every 0 in r(a). 
-J‘HEOREM 2.5. Let (A, G, a) be a C*-dynamical system where G is discrete 
and denote b-v (G X, A, c, (;2) the dual system. The following conditions are 
equivalent : 
(i) f(a) = G. 
(ii) For each o in e and each closed nonzero ideal I qf C A , .4 we haT$u 
I n 4,,(Z) (0). 
(iii) Each closed nonzero ideal in G X, .q contains a nonzero &ncariant 
ideal. 
(iI-) Each closed nonxero ideal in G X, -4 has a nonzero intersection with .-I 
(regarded as a C*-subalgebra of G X, A). 
Proof. The bi-implication (i) * (ii) is [lo, 5.41, cf. [ 12, 8.1 I.81 and is valid 
also for nondiscrete groups. (ii) 73 (iii) f  11 o ows from Proposition 2.2 taking 
G,, CO). (iii) S. (iv): Let Z be a closed nonzero ideal of G ,<& -4. By (iii) 
we may assume that I is G-invariant. Take a nonzero element x in L. and put 
a s Z,(X) da. Then a is a nonzero G-fixed-point in I~,. . However, the image 
of A under the natural embedding as a C*-subalgebra of G X, i3 is precisely 
the set of fixed points under G (see, e.g., [7, 3.21). Thus a E In A. (iv) I:. (ii): 
Given a closed nonzero ideal I in G X, A take (by (iv)) a nonzero .P in A n I. 
Then &,(.v) -: x for every 0 in G from which In &,(I) -,‘- [O). 
3. SIMPLE CROSSED PRODUCTS 
In [lo, 6.51 we proved that for a discrete group G the crossed product G X, A 
is simple if and only if r(or) := G and i3 is G-simple. Invoking the generalized 
Effros-Hahn conjecture proved in [4] we are now able to reach the following 
better result when A and G are separable, using Proposition 2.2. 
THEOREIV~ 3.1. Let (A, G, a) be a separable C*-dynamical system and assume 
that all isotropy subgroups for (the transposed action of) a: on the primitive ideal 
spare of A are discrete. Then the following conditions are equivalent: 
(i) G x n =2 is simple; 
(ii) (a) A is G-simple and (b) r(cr) == G. 
Proof. (i) j (ii) by [IO, 6.31. 
(ii) i (i): By [4, 3.11 every primitive ideal P in G X, A is contained in 
the kernel I of a representation of G X, A induced from a covariant representa- 
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tion (rr, u, H) of (A, GJ , 01 1 GJ) where (r, H) is a homogeneous representation 
of A whose kernel J is a primitive ideal in A and GJ is the isotropy subgroup 
of J. It follows from the definition of induced representations (cf. [13, Sect. 31) 
that I is then invariant under the dual action restricted to the annihilator G,‘- 
of GJ in G. By assumption GJ is discrete so that GJ (=G/G,l) is compact. 
By (ii)(b) the assumptions in Proposition 2.2 are fulfilled and we conclude 
that I contains a G-invariant ideal which is nonzero provided that P # (0). 
But since A is G-simple by (ii)(a), G X, A is G-simple by [lo, 6.11, which 
forces P = (0:. Thus every primitive ideal of G X, A is zero, i.e., G X, A 
is simple. 
Remark 3.2. With trivial modifications the argument above shows that 
for a separable C*-dynamical system (A, G, LX) in which all isotropy subgroups 
are discrete, conditions (i), (ii), and (iii) in Theorem 2.5 are equivalent. 
COROLLARY 3.3. Let (A, G, a) be a C*-dynamical system where ,4 is not 
primitive and G = Iw or G = T. Then G X, A is simple if and only if A is 
G-simple and r(or) = e. 
Proof. If G was the isotropy subgroup for some primitive ideal J of A, 
then J = {0), since A is G-simple. But (0) is not a primitive ideal in A by 
assumption. Since every proper subgroup of Iw or of U is discrete, the result 
now follows from Theorem 3.1. 
Remark 3.4. If A is of type I the condition in Corollary 3.3 that ii is not 
primitive is superfluous. Indeed, by [3, 3.21 if A is G-simple and type I, it 
must be liminary. If therefore A is primitive, it must be isomorphic to V(H) 
for some Hilbert space H. Thus the action of LX is pointwise inner, and since 
the cohomology for R and U are trivial, we can find a unitary representation 
(u, H) of G with o( = Ad u. But then I = {0} by the first part of the proof 
of [9, 4.21 (cf. [12, 8.9.71). Th us under conditions (ii)(a) and (b) in Theorem 3.1, 
A is never primitive if it is of type I. 
Remark 3.5. If A is not of type I, the exclusion of the primitive case in 
Corollary 3.3 is essential. Indeed, if Zz is the Fermion algebra (simple and 
antiliminary) and 01 is the representation of T as gauge transformations on 9, 
then T X, fl is not simple by [2, 3.11. Note that the dual action of B on the 
primitive ideals of T x,F has no fixed points except (0) by [2, Sect. 41, in 
accordance with the results in Corollary 2.3. Note also that (the transposed of) 
B is freely acting on the dense subset (U X, %) \^(O} of (U x,9)- (but not 
transitive: there are two orbits), in accordance with our results in Proposition 4.4 
applied to the system (U X, F, Z, a). 
LEMMA 3.6. Let A be a C*-algebra which is homogeneous of degree d < 00. 
There is then for each irreducible representation r,, of A (onto B(0)) a subset 
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{xij 1 -( i, j < d, 1 in A and a neighborhood Q of the equivalence class +r, of vu 
in A such that (+xij)] is a complete system of matrix units for T(A) (==M,) for 
every irreducible representation ?T whose equivalence class +r belongs to Q. 
Proof. By [12, 4.4.91 each function 2: 7i -+ Tr(r(x)), where x E AA , is 
lower semicontinuous on a. Taking x < 1 we see that 2 f- (1 - x)^  -. d 
since A is homogeneous. Thus 2 = d - (1 - x)^  which is upper semicon- 
tinuous, whence 4 is continuous. It follows that A has continuous trace (indeed, 
every element has continuous trace); in particular A is a locally compact 
Hausdorff space by [12, 6.1.111. Thus by [12,4.4.5] each function .?: Ti ---f i/ ‘ir(s)‘,, 
where x E A, is continuous on a. 
Take a basis {tj j 1 < j < d} for Cd and let x0 be an element in Ai such 
that n&x,) [j = jtj for all j. Choose pairwise orthogonal continuous functions 
fj on R, 1 < j < d, such that 0 < fj ,( 1 and f,(j) =_ 1 and put ej fj(X,) 
for every j. Since both the norm and the trace of ej varies continuously on =I 
and 1 v(P$) is near 1, it follows that a(ej) is a one-dimensional positive operator 
for all 7: such that 7i is near +-, . For each j, choose an element uj in A such 
that vO(P1u,ej) .+ 0. Eow define 
* 2 -vii = eiui e, u,ej , 1 & i, ,j :: d. 
Note that 
n(yij), = r(e,u,*el)ji 1’ n(e,ujej)i, : 0 
for all n with 7i near 7i, , since the operators in question are just scalar multiples 
of one-dimensional partial isometries. Choose bounded continuous functions 
g, on a such that g,(+) = ((eizcjej) (+))-l f  or all 7i in a neighborhood .Q of 7i, 
Using the Dauns-Hofmann theorem [12, 4.4.81 we finally define 
If j # K we have X+Q = 0 since ejelc = 0. If  7i E Q, we have 
77(xijxil) = gi(7j) gj(7?)l g,(+) n(eiufe~ujei2uTe~%le,) 
= (gj(7j)2 1’ rr(e,ujei*u,*P,)I1) gi(ti) g1(7j) x(eiu~e12ulel) 
= 7r(Xil). 
This shows that {v(xij)j is a complete system of matrix units for M, , as desired. 
PROPOSITION 3.7. Let (A, G, IX) be a C*-dynamical system where J is 
homogeneous of degree d < co and where each a’t , t E G, acts trivially on A 
 ^
(i.e., the center of M(A) (=C”(A)) consists entirely of fixed points). Then iy is 
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a uniformly continuous representation of G in Aut(1) for each closed ideal I in A 
such that f  is relatively compact in A*. 
Proof. If CL is not uniformly continuous on I, there is a net {tA} in G con- 
verging to 0, a corresponding net {x,} in the unit sphere of I and E > 0 such 
that /I xh - c+,(x,,)jj > E for all h. For each h we can then find an irreducible 
representation 7rA of A with I[ rr,(x, - o~~~(xJ)(~ > c. Since (f)- is compact we 
may assume, passing if necessary to a subnet, that there is an irreducible 
representation 57s such that 7jn ---f +,, in a. (We do not assert that 7i, E f.) 
Applying Lemma 3.6 there is a set {Q 1 1 < i, j < d} in A and a neigh- 
borhood Q of 7j,, such that {V(Q)} is a complete system of matrix units for 
each QT with 7i E Q. Assuming, as we may, that {1;3 C !J there is a system of 
scalars {pijn) such that 
Consequently 
Since 1 pijb 1 < // T~(xJ\ < 1 this gives 
for all A, in contradiction with (Y being pointwise continuous from G to Aut(A). 
COROLLARY 3.8. If (A, G, a) is a C*-dynamical system where A is homo- 
geneous of degree d < CO and 1 E A, and if G acts trivially on the center of A, 
then LY is uniformly continuous. 
PROPOSITION 3.9. Let (A, G, a) be a C*-dynamical system where A is G- 
simple and homogeneous of degree d < CO, and where So = G. Then the 
isotropy subgroup for a primitive (=maximal) ideal in A is discrete and is the 
same for all primitive ideals. 
Proof. Take an irreducible representation rrO of A and let G,, denote the 
isotropy subgroup for ker rr,, . Since A is of type I this means that 
G, = (t E G 1 a$r,,) = +,), 
where (Y* denotes the transposed action of G on A. Since A is G-simple, the 
orbit (@(+r,,) 1 t E G} is dense in A^  and each point on this orbit is a fixed point 
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for GU (since G is abelian). As a is a Hausdorff space we finally conclude that 
each n:, tEGo, acts trivially on a. It is clear now that G, is independent 
of 7~,, and is the only isotropy subgroup. 
We claim that o( / G, is uniformly continuous. If  not there are (cf. the proof 
of Proposition 3.7) nets {tn} in G, , {xA} in the unit sphere of A, (n,] in the 
set of irreducible representations of A, and E 0 such that t, m--f 0 but 
I ‘rrACV,\ -~ $%))Ii :x E for all A. Since A is locally- compact, we can find a non- 
empty open relatively compact subset Q of a, and since the orbits under G 
in a are dense there is a net (sA} in G such that a$(tiJ E SL) for each A. Put 
01, and y,, = OLS\~(XJ. Then 11 f,,(yn - 
;;,-I c-y; . ‘a 
xt,( yA))i E for all h and since 
\+e roceed to obtain a contradiction exactI\. as in the proof of Proposi- 
tion 3.7. 
By [12. 8.1.121 uniform continuity of oi / G, is equivalent with Sp(cu G,,) 
being compact in G,, . However, by [12, 8.1.131 applied to the injection of‘ 
G,, into G, Sp(ol / G,) is the closure of the image of Sp(a) under the quotient 
map G --f Go . By assumption Sp(ol) = G from which S~(‘Y G,,) .~~m c,, 
Thus t>,, is compact, i.e., G, is discrete. 
‘I‘HEOREM 3.10. Let (A, G, LY) be a separable C*-dyraamical system where .-! 
has a finite-dimensional irreducible representation. The following conditions ure 
equrcalent : 
(j) G X u A is simple; 
(ii) (:i) L4 is G-simple and (b) r(a) = G. 
Proof. (i) ~2 (ii) is [IO, 6.31. To prove that (ii) =:- (i) we first need the fact 
(cf. [3, 3.21) that if r,, is a d-dimensional representation of a G-simple algebra A, 
then A is homogeneous of degree d. But this follows easily from the observation 
that the dimension function f: 7i -+ Tr(n( 1)) is lower semicontinuous on d 
by [ 12, 4.4.91 and obviously G-invariant. Therefore ‘i must be constant and 
since l(7i0) = d we conclude that ‘i = d, i.e., A is homogeneous of degree d. 
Now combine Theorem 3.1 with Proposition 3.9 to obtain the desired result. 
COROLLARY 3.11. Let (A, G, a) be a separable C*-d<vnamical system where 
A is of type I and 1 E A. Then G X, A is simple if and only if .4 is G-simple 
and I’(a) =: G. 
Proof. Since A is of type I its greatest liminary ideal is nonzero [12, 6.2.61 
and clearly G-invariant. By G-simplicity A must be liminary, and as 1 E --I 
this implies that A has finite-dimensional irreducible representations, so that 
Theorem 3.10 applies. 
as a consequence of Theorem 3.1 one might also obtain the simplicity of 
G Y? A when A is of type I, G is compact, and the action is G-simple and 
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has full Connes spectrum. Indeed it can be shown that in this case the isotropy 
subgroups must necessarily be finite. Here we prefer the following approach 
based directly on [IO] : 
THEOREM 3.12. Let (A, G, a) b e a F-dynamical system and assume that 
G x oi A is of type I. Then G x a A is simple ;f and only if A is G-simple and 
r(a) = G:. 
Proof. When A is G-simple and T((Y) = G we know from [lo, 5.8 and 6.11 
that G x oi A is prime and G-simple. It follows that every ideal of G X, A 
is prime. Since G X, A is of type I, it contains an essential ideal which has 
continuous trace, cf. [12, 6.2.111. Since this is prime, it must be simple, hence 
minimal and a fortiori &‘-invariant. So it equals G X, A. 
COROLLARY 3.13. Let (A, G, a) be a F-dynamical system where A is of 
type I and G is compact. Then G X, A is simple if and only if A is G-simple 
and I’(a) = G. 
Proof. Since G is assumed to be compact, G must be discrete, and so 
G X, A is embedded as a C*-subalgebra of the double crossed product 
G x6 G X, A which by [12, 7.9.31, (see also [lo, 5.21) is isomorphic to 
A @ %?(L2(G)). When A is of type I, so is the tensor product with Ce(L2(G)), 
and by [12, 6.2.91 this implies that G X, A is of type I. Thus we can apply 
Theorem 3.12 to obtain the desired result. 
4. CONNES SPECTRUM AND UNIVERSAL WEAK INNERNESS 
PROPOSITION 4.1. Let (A, G, a) be a F-dynamical system where G is a 
cyclic group (Jinite or in$nite). If r(a) # G there is an element t # 0 in G and 
a nonzero G-invariant hereditary C*-subalgebra B of A such that OL* 1 B = exp 8 
for some *-derivation 6 of B. Consequently C+ is universally weakly inner on the 
closed ideal of A generated by B. 
Proof. This result can be read out of [9, 5.1 and 5.21. For the convenience 
of the reader we sketch a somewhat shorter argument using [12, 8.81. 
Since r(a) + G there is a nonzero G-invariant hereditary C*-subalgebra 
A, of A with Sp(ol / A,) # &. The Borchers spectrum r,(ol/ A,) is a closed 
subset of Sp(a 1 A,) and is a union of subgroups, cf. [12, 8.81. Since G is either 
the circle group T or a subgroup of 8, it follows that r,(~l 1 A,) must be a 
finite union of subgroups of 8, hence contained in a proper subgroup H of &. 
Let t be any nonzero element in G that annihilates H and choose a neigh- 
borhood Sz of zero in G such that 1 1 - (t, Q)l < 31/2. Using the filtering 
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property for the Borchers spectrum [12, 8.8.71 there is a nonzero G-invariant 
hereditary Cx-subalgebra B C -4, such that 
Sp(ol / B) C T,(a A,) + f2 c H +- n. 
It follows from [12, 8.1.41 that the spectral radius of 1 -- Us I B is less than 3”“. 
By the Madison-Ringrose result (cf. [I& 8.7.71) 6 : log Z, is a --derivation 
of H, establishing the first part of the proposition. 
Let I denote the closed ideal of il generated by B and note that I is G- 
invariant. Passing to second duals we have B” pI”;h for some G-invariant 
projection p in I” with central support 1. Every derivation of a von Neumann 
algebra is inner, so a; 1 B” = Ad w for some partial isometry w in I” with 
fL?c’ZC p:‘7(.# I p. It follows from [12, 8.9.11 that ti;’ I” _ :Yd u for some 
unitary II in I” with up m= zc. 
Remark 4.2. The argument above is clearly capable of some generalization 
with respect to the size of G. However, it does not seem to work for continuous 
groups like [w or T, although the result may very well be true (assuming that 
Sp(a)iT(a) is compact). 
I f  A-l is G-prime, we have T,(a) =: T(a) (cf. [12, 8.X.21) and then Proposi- 
tion 4.1 is valid for any representation a: for which SP(;Y)‘&Y) is compact. 
In particular. it holds for all discrete gtoups. 
LIMMA 4.3. Given a P-dynamical system (,-1, G, n), let a* denote the 
transposed action of 01 on the spectrum d of &-I (equipped with the Jacobson topolo,ry). 
The following conditions are equisalent: 
(i) For each nonzero element t in G the sef 
f?7 E a j cq77) 7. 77: (“) 
has ernpt?s interior. 
(ii) If t i,c a nonzero element of G, there is no nonzero closed G-invariant 
ideal I ?f .:I such that u, ~ I is weaklv i _ nner in the atomic representation ?f I. 
I+oo~. Suppose that Sz is a nonempty open subset of (. ). Since G is abelian, 
(‘) is G-invariant, so we may assume that also S is G-invariant. Let I be the 
closed ideal of .-I corresponding to D (so that I = ker(A j^Q) and .Q -2 1, cf. 
[ 12. 4.1.1 I]), and note that I is G-invariant. For each irreducible representation 
(T, H) of I we have 7~ ‘- a, v  T since (.ir, H) E Q. ‘There is therefore a unitary, u 
in R(N) such that T c: 0~~ == Ad u 0 V. Choose a maximal familv ((n, , Hj) I i E ii 
of lxxirwise inequivalent irreducible representations of I and consider the 
corresponding family {Us : i ~1) of unitaries. Put If,, ‘3 IIj . T(, <q:; T, , 
and 2~ 7 u, . Then (.rr,, , N,) is the atomic representation of 1 (unique up 
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to equivalence, cf. [12, 4.3.71) and u is a unitary in the weak closure of r,(l) 
(viz., @B(H,)). Moreover, 
na 0 at = + (ni 0 at) = @ (Ad ui 0 rri) = Ad ZI 0 rn 0 
We have proved that (ii) 3 (i). The converse (also proved by negation) is 
obvious given the bijective correspondence between closed ideals in A and 
open subsets of a. 
PROPOSITION 4.4. Let (A, G, a) be a P-dynamical system where 9 is 
separable and G is countable (discrete). The following conditions are equivalent: 
(i) There is a dense (G-invariant) set A in A such that $(v) = rr implies 
t =OforeachvinA. 
(ii) If t # 0 there is no nonzero closed G-invariant ideal I of -4 such that 
CQ / I is weakly inner in the atomic representation of I. 
Proof. Using Lemma 4.3 it is immediate that (i) 3 (ii). To prove the 
converse, assume (i) in Lemma 4.3 and let P(A) denote the set of pure states 
of A. Note that P(A) is a Polish space in the weak* topology [12, 4.3.21. Let 
{u,: be a dense sequence of unitary operators in 2 and define for t + 0 
Since the norm is weak* lower semicontinuous, each F,, is a closed set. I f  
the interior of F,, is nonempty, let .Q,, denote its image in A under the natural 
map @: P(A) + a. Since @ is an open map by [12, 4.3.31, Q2,, is a nonempty 
open set in A. However, @(r) = r for each = in Q,, in contradiction with 
our assumption. Thus F,, has empty interior and by the Baire category theorem 
the set 
E = P(A$J Fnt 
a,t 
(where t # 0) is dense in l’(A). Since @ is continuous the image A of E is 
dense in A. 
Take r in d and assume, to obtain a contradiction, that a:(n) = r for some 
t # 0. Choose v  in E with @(pl) = rr. This means that the irreducible repre- 
sentations associated with the pure states 9 and y  0 at are equivalent. By 
[12, 3.13.41 there is then a unitary ZI in a such that ~JI 0 OI~ = p)(u . u*). But 
then F E F,, for some n, by the density of {u,J, in contradiction with p E E. 
Thus the set d satisfies the conditions in (i), as desired. 
The next result is a natural continuation of Lance’s results from [S]. The 
method of proof is inspired by [I, 3.21. 
PROPOSITION 4.5. Let a be an automorphism of a C*-algebra -3 of type I 
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and assume that a*(v) =-= = for every x in A .^ There is then a nonzero closed ideai 1 
of A and a unitary u in the multiplier algebra M(I) of I such that oi I := =\d u. 
Pmof. Since a: preserves all closed ideals of ~1 we may as well assume that 
.-I has continuous trace, passing otherwise to an ideal of =1, cf. 112, 6.2.1 I J. 
Choose a maximal family {(nt , H,) 1 t E A} of pairwise inequivalent irreducible 
representations of ,4 and consider .4 in its atomic representation (3 =, , [<, NJ. 
Hy assumption there is for each t a unitary ut in B(N,) such that r, r Y 
Ad u, z-, Fix an element (rO , H,,) in ((rt , 17~): and choose by spectral theor! 
a unit vector 6” in H,, such that I(u&,, I &,;>I > i . Since r<,(d) %(H,,) we 
can find .x in =1_ such that rO(x) is the one-dimensional projection on A[$, 
Applying 112, 6.1 .I I] to the hereditary C*-algebra generated by s we find an 
abelian element e in A_ such that r”(e) 5, s:: E,, . Thus 
qj(4e))Nl := 1 3(e) wde)‘, > i(q)(e) wde) 6, 6,) i 
Since the norm of an element varies continuously with t on AJ (cf. [12, 4.4.51 
and [I 2, 6.1.1 I]) there is a neighborhood .Q of t, in a such that 1 rr,(ea(e))i; ,. $ 
for all i in D. The unitaries (ZQ I t E A) are only determined up to a scalar multiple 
of modulus I. I f  t E 52, we know that vt(e) u,n,(e) is a nonzero scalar multiple 
of n,(e) (because rrl(e) is one dimensional). We may therefore choose thr u,‘s 
such that r,(e) u,n,(e) = f(t) n,(e) where.f(t) : 1 0 for each 1 in R. Thus 
t f(t) = i r,(ea(e)), '1 n,(e)1 . t E Q, 
so that f is continuous on 8. Moreover, i <: f :- 1. Let g be a nonzero con- 
tinuous positive function on a with support in Q. By the Dauns-Hofmann 
theorem [I 2, 4.4.81 there are central multipliers y, z in M(A) such that rrf( y) 
g(t)l, nTTt(z) = f (t)g(t)l for all t in a. Kate that \J.J and z-4 have the same 
closure, denoted by I. Define u =: @ z+ , f  of (where 1 == {t E A  ^ / g(t) Y 01). 
It is clear that u is a unitary in I” and that Ad u m-- Y I. It remains to show 
that u E M(l). But 
~&eu*) = g(t) f(t) nt(e) 4 = g(t) n,(e) vt(e) ~7 
=== g(t) rr,(ea(e)) = 7rt(yea(e)), 
for every t in 1, from which zeu* : = yea(e). C‘onsequently ueI Cl. Since 
uZu* :m- I, the set of elements x in I for which U.V E I form a closed ideal J. 
We have shown that el C J, which implies that J =-,- I since n,(e) :t 0 for ever!r t 
in 1. Thus ul =- I, as desired. 
THEOREM 4.6. Let 01 be an automorphism of a separable P-algebra of type I. 
The following conditions are equivalent : 
(i) r(oc) is the full circle group. 
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(ii) There is no nonzero closed N-invariant ideal I of A such that cyn / I = 
Ad u for some n # 0 and some unitary u in M(I) with (Y(U) = u. 
(iii) There is no nonzero closed ol-invariant ideal I of A such that an / I = 
Ad u for some n # 0 and some unitary u in M(I). 
(iv) There is no nonzero closed a-invariant ideal I of A such that CP / I 
is weakly inner in the atomic representation qf I for some n # 0. 
(v) For each n + 0 the set (7r E A 1 an*(,) = rr} has empty interior. 
(vi) There is a dense a-invariant set A in A on which 01* is freely acting 
(i.e., G*(V) = n implies n = 0). 
Proof. (i) * (ii): I f  a? 1 I = Ad u for some unitary fixed point u in M(I), 
then yn = 1 for each y  in rB’,(~ 1 I) by [12, 8.9.71 (the simplicity of the algebra 
assumed in that theorem is only used to prove the converse of what we need). 
Since r,(a, / I) 1 F(a 1 I) r) I and n # 0 we see that r(or) is a proper subgroup 
of 8. (ii) 3 (iii): I f  (Y?~ 1 I = Ad u for some unitary u in M(I), then we also 
have O(~ 1 I = Ad N”(U) f  or every nz. Consequently u and a”(u) commute for 
all m. Furthermore a%(u) = u. Define 
w = Ucc(U> ... d-‘(u). 
Then w is a unitary in M(I) and Ad w = C& / I. Moreover, 
a(w) = o(u) .‘. d-l(u) a”(u) = a(u) .‘. an-l(U)U = w. 
Thus an2 1 I is implemented by a unitary fixed point in M(I). (iii) * (iv) follows 
from Proposition 4.5. (iv) 0 (v) is Lemma 4.3. (v) d (vi) is Proposition 4.4. 
(iv) * (i) follows from Proposition 4.1. 
Remark 4.7. The separability of A in Theorem 4.6 is only used to show 
that (vi) is a consequence of (i)-(v). T o obtain the implication (ii) 3 (iii) 
we use in a crucial way that we are working with the C*-dynamical system 
(A, Z, a). I f  CL is periodic, and the period p is not the product of distinct primes, 
then r(a) may consist of the pth roots of unity even though tin (0 < n < p) 
is inner in M(A); see Remark 4 in [l I]. 
Remark 4.8. In [8, Theorem 1.2.11 O’Donovan claims that condition (iv) 
in Theorem 2.5 (each nonzero ideal in G X, A has a nonzero intersection 
with A) is equivalent with condition (v) in Theorem 4.6. Unfortunately there 
is a gap in the proof of the implication Theorem 2.5(iv) + Theorem 4.6(v). 
The author seems to assume [8, p. IO] that if 01*(r) = 7 for all r in some open 
set W in A ,^ then OL acts trivially on the ideal of A corresponding to W. This 
is true when A is commutative, a condition which is automatically fulfilled 
in the applications of [S, 1.2.11 t o weighted shifts in [8, Part II]. Using Theo- 
rems 2.5 and 4.6 we see that the implication Theorem 2..5(iv) 3 Theorem 4.6(v) 
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holds when ,4 is of type I (thus saving [S, 1.3.11). Whether it is true in general 
is doubtful. Indeed, if A is simple the negation of Theorem 4.6(v) means 
(cf. the proof of Lemma 4.3) that CP is weakly inner in the atomic representation 
of A4 for some 71 I/’ 0. However, the negation of Theorem 2.5 implies by [9, 4.21 
(cf. [12, 8.9.91) that cy?l is inner in M(A) for some n +A 0. Thus the implication 
Theorem 2.S(iv) :a Theorem 4.6(v) is vslid for Glimm (L-I-IF) algebras 1x 
(6, 3.21, but open in general. 
The converse implication Theorem 4.6(v) :- ‘Theorem 2.5(iv) is correctl! 
proved in [8]. The result can also he reached by applying Propositions 4.1 
and 4.1. and Theorem 2.5. 
IYote rrddPd in proof. The definition of integrability given in 2.4 of [IO] is too restrict- 
i1.e. If (11, <>, \) is a C*-dynamical system, the correct condition on an element I’ in 
-W(.-I) to he \-integrable is the existence of an element /(j,) in ~lJ(.4), such that 
for aIt y in Ax (but mt all p in -W(A)*). 
If now .I E M(A), then x E (S,,)“” (cf. the proof of [ 12, 3.12.91). If therefore .x ~8 
and y is .I-integrable, then the lower semi-continuous function t m+ v,(s) 1s weak+ in- 
tegrable. By [ 12, 3. I I .5] its integral Z(x) belongs to ((A,Y,)“) -. Applying the same argument 
to 3’ A WY obtain an element Z(y s) so that Z(x) - I(>, s) Z(y). By [12, 3. I I.71 
this implies that Z(x) == Z(y) - Z(y - x) E (zSsu)lfl n (.qO,t),r, , whence Z(x) E S,f(A),, b> 
112, 3.12.91. It follows that the z-integrable elements form a hereditar!- cone in M(.d) 
so that the arguments in Section 2 of [IO] may proceed as before. 
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